Schrodinger operators on L2(lR3) of the form -A + VA with potentials V,l realanalytic in 1 are discussed. The analytic structure in V.& and k (with k2 the energy variable) of the resolvent kernel, the eigenvalues and resonances is exhibited and we obtain in particular convergent perturbation expansions for the resonances and the corresponding resonance functions. The lower order expansion coefficients are computed explicitly. The resonances and the corresponding functions are also computed for a particle moving under the action of n point interactions. This gives asymptotic low energy information about Schrijdinger Hamiltonians with short range potentials. The perturbation theory of resonances, eigenvalues and of the corresponding functions for Hamiltonians describing n point interactions perturbed by a potential is also given.
INTRODUCTION
Whereas the theory of eigenvalues and their perturbations for Schrodinger operators is one of the best studied domains in non relativistic quantum mechanics, see e.g. [29, 52, 55, 75, 761 , the systematic study of resonances and their perturbations is much less developed. This is partly due to the original uncertainties concerning the definition of the resonances themselves. In the physics literature resonances were discussed first in connection with G. Gamov's theory (1928) of the a-decay of atomic nuclei and identified with complex poles of the scattering matrix (general references on scattering theory are [ 10, 661) . Positions and widths of the resonance levels are then identified with real and imaginary parts of the eigenvalues of a complex boundary value problem of the Schrodinger equation. A theory of resonance reactions in nuclei was then developed, see e.g. [ 18, 86, 891 (see also for other references [20, 261 and for recent developments e.g. [ 171) . In particular a relation between analytic properties of the S-matrix in the complex plane and the space-time behaviour of wave packets (causality) was developed. In the radial symmetric case for potential scattering the relation between resonances and poles of the scattering matrix was investigated thoroughly 491 starting with the fundamental work of Jost [52] and Levinson [61] , see also, e.g. [24, 54, 63, 67, 771 . The relation between a rapid variation of the phase shift with the probability of finding the particle inside the region of interaction was also elaborated, see, e.g. [67] . The relation between eigenamplitudes to eigenvalues of the S-matrix and resonances is discussed, e.g., in [3 11 . The association of resonances with poles of the resolvent taken between suitable states has been discussed starting with classical work by Titchmarsh, see, e.g. [34, [42] [43] [44] 70 ,871 and references therein.
For resonances originated by perturbing eigenvalues embedded in the continuum (for the latter see, e.g. [2, 751 and references therein) a perturbative computation is possible. This is a well studied subject, starting from Friedrichs (see, e.g. [29] ), and is connected with the work on spectral concentration, as seen from the work by Howland, see, e.g. [45, 461 and references therein (also, e.g. [ 16, 25, 72, 731) .
The latter studies have received new impetus after the advent of Aguilar, Balslev and Combes' technique of dilation-analytic potentials (itself with connections with work around Regge's analysis of complex angular momenta [191* Simon [8 1 ] developed by such means a time-dependent perturbation for autoionizing resonances, identified with poles of the matrix elements of the resolvent between suitable dilation analytic vectors. The technique has been adapted to cover also long open specific problems, see, e.g. [2, 33, 39, 40, 47, 62, 871 .
Another line of work relating resonances with local decay of solutions of Schrodinger's equation on one hand and of the corresponding wave equation on the other hand has been pursued since a long time, see, e.g. [ 11, 21, 32, 59, 60, 71-73, 79, 851 . We shall mention below some of the recent work along these lines especially since it has connections with our own work.
The discussion of resonances also enters basic problems of scattering theory like the problem of asymptotic completeness [ 12-15, 28, 58, 80 , 881 the low energy expansions of the S-matrix, the spectral density and resolvent [7, 48-501 (in [7] a connection with the theory of point interactions (see [3-8, 30, 37, 38 , 651 and references therein) plays an essential role) and the threshold behaviour of the eigenvalues [23, 58, 72, 731 .
In the present paper we discuss the behaviour in A of the resonances (and eigenvalues) of Schriidinger operators of the form --d + V,, with real analytic potential V, , we give explicit perturbation expansions for the resonances and their associated resonance functions and we study their detailed low energy behaviour. We also study the corresponding problems for a particle moving under the influence of n centers. Let us now shortly go through the content of the different sections of our paper, which will give us also the possibility to mention specific connections with other work. In for some y > 0. We first recall the relation (based particularly on Grossmann's and Wu's work [34- 361 between eigenvalues and resonances of H with poles of the off-shell S-matrix in the physical (Im k > 0, with k* the energy variable) resp. unphysical half-plane (Im k < 0). Moreover identifying them with the zero of a modified Fredholm determinant we get the analytic properties of eigenvalues and resonances. These result are related to those discussed in [24, 68, 49, 73, 83, 581 . We then give explicit formulae for the residue of the S-matrix and the resolvent kernel at a simple resonance, the latter being entirely analogue to those for the eigenvalues.
In Section 3 we study Schrodinger operators of the form H, = -A + V., with V,% real analytic in A and, for each A, of the same form as in Section 2. This is, on one hand, to exhibit interesting examples where the resonances are explicitly computable, on the other hand, serves as a basis for computations of the low energy behaviour of Hamiltonians with local potentials with one or many centers, the latter of importance, e.g., in solid-state physics. (This is work being developed in a series of papers [6-8, 37, 38, 411) . Hamiltonians describing point interactions have a rich physical literature, in nuclear physics, solid state physics and statistical mechanics, see, e.g. [6] and references given therin. Their mathematical description goes back to Berezin, Faddev and Minlos and has recently been further developed through methods of non standard analysis [4, 5, 9, 651 . In particular appliations to solid state physics are given in [6, 37, 38, 56, 571. In [6] (see also 171) we showed that Hamiltonians HP with point interactions on R3 formally given by HP = -A + EYE, Ii 6(x -xi) can be obtained as limits as E + 0 in the strong resolvent sense of Schrodinger operators of the form H, = -A + ~~,1(Ai(~)/~2) V((l/e)(x -xi)). In this paper we compute the resonances explicitly for the cases n = 1, 2,3. This yields also an approximation for those of H, and for the low energy behaviour of the Schrodinger operator -A + Ci V(x -(x/E)~), see 16, 7 ] .
In Section 5 we study the perturbation problem for the resonances discussed in Section 4 for the point interactions. We consider, namely, Hamiltonians of the form H, = HP + A.V, with HP the point interaction Hamiltonian discussed in Section 4 and V a potential of compact support (some perturbation results on the spectrum were discussed in [30, 91, 921) .
We identify the resonances and the eigenvalues of HA with the zeros of a Fredholm determinant, obtaining perturbation formulae for the resonances and the eigenvalues. This has applications to the discussion of perturbed 6-interactions, which occur naturally both in nuclear physics (with the strong force represented by a d-interaction) and solid state physics (impurities).
RESONANCES
Let V(x) be a real valued measurable functions on R3 satisfying, for some Y>O dxdy < co. is a closed form bounded from below which defines uniquely a self-adjoint operator H = -A + V bounded from below (see, e.g., [35, 55, 75 (Chapter X, pp. 167-170), 821). Let V(X) = I V(x)] 1'2 and u(x) E u(x) . sign V(x) and let G, E (-A -k2) -'. The kernel of G, is for Im k > 0. We observe that Gk(x -y) extends for x # y, to an analytic function of k in the whole complex plane. For Im k ( 0 we have that G&x) = JG,(x -y) o(y) dy is still defined if cp has compact support. In this case G,yl is twice continuously differentiable and (-A -k')G,p = q.
For Im k > 0 we have
Since the Hilbert-Schmidt norm of uG,u is equal to ] V]; with p = -1m k, we get from (2.1) that uG,v is Hilbert-Schmidt if Im k > --y. From this and (2.3) it follows that the resolvent kernel (H -k')) '(x, y) is for almost all x and y an analytic function of k in the halfplane Im k > -y with poles at those points k (a discrete set) which are such that -1 is an eigenvalue of uG,v. We summarize these results [35, 36, 821 in the following. Let now T(k) E V -V(H -k2) ' V, with kernel T(k)(x, y), then the Smatrix is defined as the operator with kernel
e.g. [35] ). We have (2.4) and with the offshell T-matrix defined by
we have that (pi T(q) = (pi T(k) [q) for p2 = q* = k2 and that 5) where the second term on the right hand side is the scalar product of the functions x + e'pXv(x) and x + I( 1 + uG, u)-'(x, y) eiqyu( u) U'JJ in L2(iR3, dx). Hereby we observe that u and ~1 are in L2(lR3), due to our assumptions on V. We have then ( [35, 36] ) the Let now k, be a resonance of H = -A + V then (2.9) has a pole at k = k,.
We obtain the residue of this pole by observing that 
From (2.14) we also have VP, = -Vwo, so that (2. (2.18) From (2.3) and (2.10) we get, after some computations,
Hence we have the following theorem Remark. The formulas for the residues in Theorem 2.5 hold also for the poles in the physical half-plane, i.e., the poles given by the eigenvalues. But in this case the formulas may be simplified. In fact the resonance function then becomes the eigenfunction and in Im k > 0 we have that G:(x -y) = G, . G,(x -y) so that by (2.16), (@,, u/,) = (w,, w,), with ( , ) the &-inner product.
PERTURBATIONS OF RESONANCES
In this section we consider one parameter real analytic curves /z + I', , where o is a primitive I-th root of the unit. Hence if 1 is odd it is possible to choose the curves kj(A) such that each of them has a well defined tangent at A = 0, and the angle between the tangents of the curves kj(A) are multiples of 2741. If, on the other hand, the order is even, i.e., I = 2m then the tangents from the left and the tangents from the right exist and the angles between the left and right tangents are the multiples at n/l. The left tangents form angles which are the multiples of 27r/l with each other and the same holds for the right tangents. Below we illustrate the resonance curves A -+ k(A) with branch points of order two, three and four, respectively, at II = A,,. The arrows indicates the directions of increasing 13:
The resonance curves at branch points of order 2, 3 and 4 respectively.
404'lOl!2 I2 Since G, (x -y) = G-,(x -JJ) we get that if k(A) is a resonance so is -L(A). Hence if ki(&) is a simple resonance on the imaginary axis so is k,(A) for II -&,I
< E for some positive E. In fact due to this symmetry the only way in which k,(A) can come off the imaginary axis is by colliding with another resonance k*(A) at I =A, on the imaginary axis, so that kl@,) = k,(A,). Then if 1, is a branch point of order 2 the two resonances leave the imaginary axis at a right angle in opposite directions. If it is a branch point of order 21 the way the resonances leave the imaginary axis follows from the description above of the behavior of the resonance curves at branch points. If 1, is a branch point of odd order for k,(l) at the imaginary axis then kl(A) does not collide with any other resonance on the imaginary axis and thus it cannot leave the imaginary axis. Let now k(A) be a simple resonance of HA for 111 < E, then there is an analytic function A+ rp,, pn E L2(R3) such that rp, + ua G&l, unPA= 0 Remark. The formula for k'(0) holds also if k, is a pole in the upper half-plane, i.e., if ki is an eigenvalue. Then (1+5~, wO) = (wO, u/J (which in this case is always nonzero), since by the resolvent identity we have (2k))'G; = G: in Im k > 0. Hence the formula for k'(0) in the upper halfplane reduces to the well known formula for perturbations of the simple eigenvalues.
In the same way as for the simple resonances we obtain the corresponding results for non-simple resonances. 
where we have normalized q~,, such that (@, , w,) = 1. 1
Remark. Similar formulas can be obtained for the higher derivatives of the resonance function pA and for the eigenvalues k(i), at A= A,.
EIGENVALUES AND RESONANCES FOR THE POINT INTERACTION
We shall now study the energy eigenvalues and resonances in the case where the potential is a sum of point interactions. Let {xl ,..., x,,} c R3 be a finite subset of R3 and let ] Vi],, < co, real, with compact support and such that --A + Vi has a simple resonance at k = 0. Then if A,(s) differentiable at zero with A,(O) = 1 it is shown in [6] , [7] that converges as E -t 0 in the strong resolvent sense to a self-adjoint operator H,, the resolvent kernel of which is given for Im k > 0 by We consider separately the cases of one, two and three centers.
One Center
For one center at the point x1 we get from (4.2) that the corresponding Schrodinger operator is given by
Hence we have exactly one resonance or eigenvalue at k = -47cia, so that if a < 0 we have an eigenvalue at k = -4da and if a > 0 we have a resonance.
Two Centers
With one center at x1 and one center at x2 we get that the resonances and eigenvalues are by (4.3) given as the complex solutions of the equation Hence if 4nal< -1 we have two eigenvalues, and if 1 > 4nal> -1 we have one eigenvalue, and if 4nal> 1 there is no eigenvalue. Set s = al then (4.8) and (4.9) g ive us a set of solution curve zJx> = x,(s) + iy,(s), s E R, in the complex plane. From (4.9) we get that as x,(s) + nrr f 0, n # 0, then Y,(S) +-co.
Thus there is exactly one curve z,(s) in each half strip nn<Rez<(n+l)rr, Im.z<O, and this curve has Rez=nlr and Rez= (n + 1)~ as asymptotes as s -+ fco. So there is exactly one resonance in each half strip nn < Re z < (n + l)z, Im z < 0, for n # 0 or n # -1. In addition there is exactly one resonance in 0 < Re z < II. Ifs Q -1/47r this resonance is on the negative imaginary axis, if s > -1/47r this resonance is in the half strip 0 < Re z < fil-'ln2.
Remark. In [7] and forthcoming papers [8, 41] it is proved that the eigenvalues and the resonances of the operator (4.1) converge as E tends to zero to the eigenvalues and resonances of the operator H, with resolvent kernel given by (4.2) . This makes the determination of the resonances and eigenvalues of H,, given by the solution of (4.3), very interesting, due also to the connection of the study of (4.1) with the low energy study of ff=-A+ c n,@)v,(x-y. It turns out that k'(0) is given by the same formula as in 3.1 and we get the following theorem. 
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